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Abstract

Degree of approximation of functions of different classes has been studied by several
researchers by using different summability methods. In the proposed paper a new theorem
has been established for the approximation of a function belonging to the Lip(a)-class by
(N, p,.q,)(E,s) - product summability means of a conjugate series of Fourier series. The

result obtained here is a generalization of several known theorems.
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1 Introduction

Approximations of a periodic function in a given period arose in connection with convergence
of Fourier series. The objective of such study is to estimate minimum error obtained out of the
approximations of a function in a given interval. The most important trigonometric polynomials
used in approximation theory are obtained by different linear summability methods of Fourier
series of 27 periodic functions in the real line R (for example, Cesaro mean, Norlund mean,
Matrix mean etc.). Many advances in the theory of trigonometric approximation have been
studied by different researchers for periodic function of Lipschitz classes. The degree of
approximation of functions belonging to classes Lip(«), Lip(a,r), Lip(&(t),r), (r>1) through
trigonometric Fourier series expansion by using different summability methods has been
proved by various investigators like [3], [4], [5], [7], [8], [9] and [10]. Furthermore, the degree of
approximation of functions belonging to Lip(a) - class through conjugate series of the Fourier
series expansion of a function by using (E,1)(C,1) mean has been proved by Nigam et al. (see,
6). In an attempt to have an advance study in this direction, here we have established a new
theorem on (N, p,,q,)(E,s) mean of conjugate series of the Fourier series.
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2 Definitions and Notations

Let Zun be a given infinite series with the sequence of partial sum(S,). Let (p,)and (q,) be

sequences of positive real number such that,
Py=Yk=0Pr and Qp=X%—o qi-
The sequence to sequence transformation
N _ 1
th = szzo Pk Qk Sk (2.1)

where
Ry=poqn + P1qn_1 + -+ +0nqo(# 0) (p—1 =q-1 = R_; =0).

Defines (N, p,,, g, ) mean of the sequence (s, ) generated by the sequence of coefficient

(pr) and (gn) B
and it is denoted by t,,".

If lim,, .. t,” = s, then the series Y u, is (N,p,, q,) summable to s.

The necessary and sufficient conditions for regularity of (N, p,,, q,) summability are

(i) Enin _, o for each integer k = 0 as n — oo and

n

(ii) |2 %=0Prqx| < CIR,|, where c is any positive integer of n.

The sequence to sequence transformation

S — 1 n n n—v
E, = ey 2v=0 (S)s Sp. (2.2)

Defines the (E, s) mean of the sequence (s, ) and it is denoted by (E;).
If E5 — s asn — oo, then ), u, is summable to s with respect to (E, s) summability and (E, s)

method is regular (see [1] ).
Now, we define a new composite transformation (N, p,,, q,,) over (E, s) of (s,) as
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NE 1 1 1 kY k-
LY = = Tieobedi ) = 7ol Sheo (3) 7S (2.3)

If TnNE — ooasn — oo, then Y u, is summable to s by (N, p,, q,) (E,s) summability method.
Moreover, as (N, p,, q,) and (E, s) methods are both regular, so (N, p,,, q,) (E,s) method is
also regular.

Thus, we may write,

T,VE = tN{ES (s5,)}—s (n— o).

Remark 1. If we put g,, = 1, in equation (2.1) then (N, p,,, q,) summability method reduces to
(N, p,,) summability and for p, = 1, the ( N, p,,) summability reduces to (C, 1) summability.

Let (f) be 2 periodic function belonging to L" [0, 2m] (r = 1) with the partial sum
s, (f) defined by,

sp (f) = az_o +Y =1 (aycoskx + by sinkx ). (2.4)
The conjugate series of the Fourier series (2.4) is given by
f =Yr_1(aycoskx — by sinkx ) (2.5).

A function f € Lip (a), if
lfx+) —f)l=0(t") O <a<D(E>0).
The L.. - norm of a function f: R = R is defined by

1f lloo= sup{lf (x)|: xeR}

and L, - norm of a function f: R — R is defined by
1

Ifll, = ( f[ 0 ]|f(x>|rdx>r = 1.

The degree of approximation of a function f: R — R by a trigonometric polynomial (t,,) of ordern
under ||. || is defined by

it = fOllee = sup{lt,, (x) — f(x): xeR|}

and the degree of approximation of E, (f)of a function f € L, is given by
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En(f) = mintn”tn - f”r
We use the following functions throughout the paper,

) =flx+)+fx—1)

t 1
1 1 k ___coss—cos (v+5)t
27R,, Zz=0 Prqk {(1-{-5)"’- Z§=O( )sk v 2 l( 2) }
2

v sin

K, () =

3 Known Theorem

Theorem1. [6] Ifa function f, conjugate 2m periodic function f, belonging to Lip(a) class, then its
degree of approximation (E, 1)(C, 1) means of conjugate Fourier series is given by

sup [(EOp(x) — fl=0{(n+1)™} (0<a<),
(3.1)

where (EC)} denotes the (E, 1)(C, 1) transform as define in (2.3).
4 Main Theorem
The objective of this paper is to prove the following theorem

Theorem 2. If a function f, conjugate 27 periodic function f, belonging to Lip(a) class, then its

degree of approximation by (IV, Pn> qn) (E, @) means of conjugate series of the Fourier series is given
by

7 -l ~ofte]  0<a<n

(4.1)
where T,V denotes the (N, p,,, q,,) (E, s) transform as defined in (2.3).

To prove the theorem we need the following Lemmas.

lemma 1. K, ()] = o(n) (0<t=<—).

1 . .
Proof. For0 <t < — e have sinnt < nsint

k (k) Sk_v cos %—cos (v+%)t}

1
Lk=0 Pk i {m v=0

— 1
|K, ()| = TR

int
v siny
t t . .t
_ 1 yn 1 k (k) Gk-v €0S 3—C0S Vt.Cos+sin vt sinz
T2nR, |“k=0 Pi Ak (1+s)k “v=01,, sin%
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SE oDkl | X (k) sk=v —COSZ(ZS!nZUz) + sin vt
k=0 kUk (1+S)k v=0 v Sll’lE

= 27;2,1 |Z}j=0 Pr 9k {(l-l-;s)k ﬁzo (ﬁ) sk—v (o (2 sin v% sin vé)) +

“2nR,

sing

= e |Zhoopeac {7 2heo (X) 50 0@ + o)}

= [Zhomean ot 3k () s

_om
21IR

1
=0 Picqi {m 1+ S)k}|
=0 (n).
— 1 1
Lemma2. |K,(t)|= 0 (;) (m <t<m).

1 : . .
Proof For (m < t < m) and by using Jordans Lemma, sm% > i, and sinnt < 1.

- 1 & 1 k k k_vcos%—cos (v+%)t
Ra®] = 5 Zpqu —(1+s)kz(v)5 —
™ k=0 =0 sinz
t t . .t
1 k k __ [ cos>—cos vt.cos>+sin vt sin=
2nRy Z:O Predk {(H—S)k 2v=0 ( ) s*7 < ; sinl2 2)}‘

= gy (D) [Eeopian {iir 2beo () 57 (cos (25im*v3) +

sinzt

5 Proof of main theorem

Let 5, (f) denotes the nth partial sum of the series (2.5) then we have (see [2])
t —COS (U+%)t
5000 = Fl=3 foy 90 { = e

So, using the and (E, s) transform of §,,(f), we have

—flx) = 2n(1+S)” f[ ]qji:g{ k=0 (Z) snk (cos% — cos (k + %) t)} dt.

Furthermore, considering the (N, p,, q,) (E, s) transform of §, (f) by ’I_"T{VE, we have
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TNE — f(x) = ﬁzzzo Pr 9k f[o,r L {Zv =0 (U) sk (C(’S% — cos (v + %) t)} dt

SlIl

[f[o e f ] P(t)K, (t)dt

=L+ Iz(say).
Now using Lemma-1,

L= [r+e®| K, (t)] dt
= o(n) [re(t)ldt
=o(n) fmltladt
=o(m |

el lmeyee]

0| ——] (5.1)

(n+1)a+l

t“+l]a+1

a+1

Next, by using Lemma -2

Ll = [, le@IKI©] de

n+1

= [%1e<] 0(5) dt

n+1

s
=j te1 dt
1

n+1

{21,

n+1

] (5.2)

(n+1)x

Cleary, by using (5.1) and (5.2), we have
—N = 1
|T’£VE _fl - O[(n+1)a]
Hence, if f € Lip(a)and 0 < a < 1, then

”TnIVE f” * T _p<x<n |TNE f| [(n+1)“]
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